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Abstract. We show that the class of ah compact Hausdorff and 
/-favorable spaces is adequate for the class of skeletal maps. 



1. Introduction 

In [6] E. V. Shchepin introduced so called adequate pairs. Suppose 
X is a class of compact Hausdorff spaces and $ is a class of continuous 
maps. The pair {X, $) fulfills the condition of closure, if the inverse 
limit of a continuous sequence {Xa,Pa,^} belong to X and all pro- 
jections TTp G $, whenever all spaces & X oi and all bounding 
maps p'^ G $. The pair {X, $) fulfills the condition of decomposability, 
whenever every non-metrizable space X G is the inverse limit of a 
continuous sequence {Xa]Pa]Oi < (3 < w(X)}, where w(Xq) < w(X) 
and Xa G X and G $. Finally, {X, $) is an adequate pair, whenever 
it fulfills closure and decomposability. The aim of this note is to show 
that the class of compact Hausdorff and /-favorable spaces is adequate 
for the class of skeletal maps. 

A directed set S is said to be a- complete if any countable chain of its 
elements has least upper bound in S. An inverse system {Xo-, tt^, S} is 
said to be a a- complete, whenever E is cr-complete and for every chain 
{an : n G w} C S, such that a = sup{cT„ : n G w} G S, there holds 

x. = i^{x.„,<:+^}. 

We consider inverse systems where bounding maps are surjections, only. 
Details about inverse systems one can find in [1], pages 135 - 144. 

A continuous surjection is called skeletal, whenever for any non- 
empty open sets [/ C X the closure of f[U] has non-empty interior. If 
X is a compact space and Y Hausdorff, then a continuous surjection 
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f : X Y is skeletal if, and only if Int f[U] ^ 0, for every non-empty 
and open f/ C X. 

It is well know - compare a comment following the definition of com- 
pact open-generated spaces in [7J - that each inverse system with open 
bounding maps has open limit projections. And conversely, if all limit 
projections of an inverse system are open, then so are all bounding 
maps. The following fact is stated in [2, Lemma 3]. Its proof is given 
in [5l Proposition 8]: // {Xo-, vr^, S} is an inverse system such that all 
bounding maps vr^ are skeletal and all projections TCcr are onto, then any 
projection tTo- is skeletal. 



2. On /-favorable spaces 

Let X be a topologigal space equipped with a topology T. The space 
X is called l-favorable, whenever there exists a function 

a : |J{r" : n > 0} ^ r 

such that for each sequence Bq, Bi, . . . consisting of non-empty elements 
of T with Bq C (t(0) and Bn+i C a{{Bo, Bi, . . . , Bn)), for each n E co, 
the union i?o U -Bi U -B2 U . . . is dense in X. The function a is called a 
winning strategy. In fact, one can take a vr-base (or a base) instead of 
a topology in the definition of a winning strategy. The definition of I- 
favorable spaces was introduced by P. Daniels, K. Kunen and H. Zhou 
[3]. The next the lemma one can conclude from [U Theorem 4.1]. 

Lemma 1. A skeletal image of I -favorable space is a I -favorable space. 

Proof. Let / : X — F be a skeletal map. Suppose a function ax '■ 
[J{Tx '■ n > 0} ^ Tx witnesses that X is /-favorable. Put 

ay(0) = Intel/ [ax (0)]. 

If Vo C (jy(0), then put Bq = /^""^(Vq) ncrx(0)- Suppose that non-empty 
sets Vq C cry(0) and Vn C (Ty((Vo, Vi, . . . , Vn-i)) are choosen and sets 
Bq, Bi, . . . , Bn-i are defined, also. Put 

Bn = f~\Vn) n ax{BQ, B,,..., 

and 

ay ((Vo, Vi,..., Vn)) = Int cl f[axiBo, B^,..., Bn)]. 

The function cry witnesses that Y is /-favorable, since Vq U Vi U . . . 
contains a dense set /[/?o U /?i U . . .]. □ 
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3. Decomposability 



We shall prove that the class of compact Hausdorff and /-favorable 
spaces and the class of skeletal maps fulfill decomposability. Recall 
notions and facts which are stated in [5j. If V is family of subsets 
of X, then y G denotes that, for each G "P, x G V if, and 
only ii y and X/P is the family of all classes [a;]p; and X /V is 

equipped with the coarser topology containing all sets : x G V}, 

where V E V. Suppose X is a topological space and V consists of 
open subsets of X. If V is closed under finite intersection, then the 
map q{x) = [a;]-p is continuous, see j5l Lemma 1]. Let Vseq be the 
family of all sets W which satisfy the following condition: There exist 
sequences of sets {f/„ : n E u} ^ V and {Vn : n G w} C P such that 
Uk ^ {X \ Vk) C f/fc+1, for any k e u, and |J{t/„ : n e u} = W. 
If a ring V of open subsets of X is closed under a winning strategy 
and V C Vseq, then X/V is a completely regular space and the map 
g : X — )■ X/V is skeletal, see [5, Theorem 10]. In fact, we shall improve 
and generalize the following: If X is a /-favorable compact space, then 
X = ^m{Xo-, vr^, E}, where {X^-, vr^, E} is a cr-complete inverse system, 
all spaces Xfj are compact and metrizable, and all bonding maps vr^ 
are skeletal and onto, see Theorem 12]. 

Let {Xq, : a G S} be a family of Hausdorff topological spaces, where 
(E, <) is an upward directed set. Suppose that there are given continu- 
ous functions : X^ — )■ Xq, such that p^^ = p^opl^ whenever a < /3 < 7. 
Thus S = {Xa^Pa] E} is the inverse system with continuous bounding 
maps. 

Lemma 2. Let X be a Hausdorff topological space and S = {Xq,; p^; E} 
an inverse system with continuous bounding maps. If there exist maps 
TT^ : X — )■ Xjs such that each T^p = p'pO vTq, is onto Xp and for each two 
different points x,y E X there exists a G E with TCa{x) 7^ TTaiv), then 
there exists a one-to-one continuous map / : X — limiS onto a dense 
subspace ofl^mS. 

Proof. For any s G X, put f{x) = {7Ta{x)}. The function / is a 
required one, compare [1] or O Theorem 11]. □ 

Additionally, one concludes that X has to be homeomorphic with 
lim S, assuming that X is compact in the above lemma. Now, we apply 
Lemma [2] to an inverse sequence with a directed set E which consists 
of infinite ordinal numbers less than the weight w(X) of a space X. 
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Theorem 3. Any a compact non-metrizable and I -favorable space 
X is homeomorphic with the inverse limit of a continuous sequence 
{Xa',Pa',<-^ < a < f3 < w(X)}, where each is a compact Hausdorff 
and I -favorable space, with w(Xq,) < w{X), and such that any bounding 
map p^ is skeletal. 

Proof. For each cozero set ly C X fix a continuous function f\^ : 
X ^ [0,1] such that W = fw\{^A])- Put a2n{W) = fw\{h^]) 
and a2n+i{W) = fwi[0, ^)). Assume that a = (Jq. Fix a base {V^ : 
a < w(X)} consisting of cozero sets of X. If u < P < w(X), then 
"Pp ^ {Va : a < /?} is the least family consisting of cozero sets and 
closed under finite unions and under finite intersections and closed 
under all functions cr„. Thus |P^| = and C "P^, whenever 
1^ < 7 < /3- Also, we get Vj3 = [JiVj : 7 < /3} for a limit ordinal 
p. Put X/3 = X /Vp and = [a;]-p^, thus maps : X/3 — )■ X^ are 

skeletal. 

By Lemma [21 the inverse limit 

l^{X^;gJ;;u;<7</3<w(X)} 

is homeomorphic to X and each inverse limit 

Jim{X^; g^;^; w < 7 < /3 < a} 

is homeomorphic to X^. All spaces X^ are skeletal images of X, hence 
they are J-favorable by Lemma [1] We get w(X^) < w(X), since the 
family {{[xjp^ : x E V} : V & V p} is & base for X^, compare |5l Lemma 
1]. □ 

4. Closure 

We shall prove that the class of compact Hausdorff and /-favorable 
spaces and the class of skeletal maps fulfill closure. In fact, we shall 
improve [5, Theorem 13], not assuming that spaces X^- have countable 
TT-bases. 

Theorem 4. If S = {XQ,,7r°,S} is a a-complete inverse system 
which consists of compact Hausdorff and I -favorable spaces and skeletal 
bounding maps vr^, then the inverse limit is a compact Hausdorff 
and I -favorable space. 

Proof. Let i3 be a base for ^m S which consists of all sets 7r~^{V), where 
r G S and each V is an open subset of Xr. For each a G E, let aa be a 
winning strategy in the open-open game played on X^. Fix Tq G S and 
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infinite and pairwise disjoint sets An such that |J{A„ : n E u} = u and 
n E Ak imphes k < n. Put cr(^(0) = 7r^,^(o"ro(0)) ^ hm5. Suppose that 
n E Ak and all cr(^((i?o, Bi, . . . , Bn-i)) has been already defined such 
that n-^iVm) = Brn C a^{{Bo,Bi,. . .,Bm-i)) for < m < n. Thus 
indexes Tq < ri < . . . < r„ are fixed. If n is the least element of A^, 
then Tk <Tn. Put 

a^((i?o,i?i,...,i?„)) = 7r;/K(0)). 

If {io, ii, . . . , ij} = v4fc n {0, 1, . . . , ra} and < r,;^ < . . . < r^^, < r„, 
then let 

Di^ = Int vr^^ (5j J , = Int tt^^. (Bi^), . . . , Di^ = Int tt^^ (5^^, ) C X^^ 
and 

a^((5o, 5i, . . . , = 7r;;K((A„, A„ . . . , A,))) C 1^5. 

For other cases, put (7(^((i?o, -Bi, • • • , Bn)) G arbitrarily. The strategy 
: Ul-S" : n > 0} ^ i3 is just defined. 

Verify that a^^ is a winning strategy. Let Tq < Ti < . . . and Bq,Bi, . . . 
be sequences such that vr~^(Vo) = -Bo ^ crtj(0) and 

vr-i^^ (K+i) = Bn+i C a^((5o, A, • • • , 

where all G E and each 5^ G i3. If r G S is the least upper bound 
of {rjt : G w}, then always 

K'MBk)) = K\7rA7r;^HVk))) = K\{<J-\Vk))) = B^. 

Take an arbitrary base set iTT^i_)~^{W) C X^-, where W is an open 
subset in X^-^. Such sets consist of a base for X^, since the inverse 
system is a-complete and [4, 2.5.5. Proposition]. If o"t-^ is a winning 
strategy on X^-^,, then there exists j G Ak such that flint tt^-j. (Bj) ^ 0. 
Hence 

(7r;)-i(W-)n7r.(i?,)7^0, 
Indeed, suppose that (7r;J"^(W') n Tir[B.^ = 0. Then 

= n;^[in;j-\W) n 7r,(i?,)] =Wn K^MB,)] DWnlnt vr,,(5,), 

a contradiction. Thus, the union 7rT-(i?o) U7rT-(i?i) U7r^(-B2) U ... is dense 
in Xr- But TC-r is a skeletal map, hence 

7i;\7lr{Bo) U 7r,(A) U 7lr{B2) U . . .) = Bq U Bi U B2 U . . . 

has to be dense in ^imiS. □ 
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The class of compact Hausdorff and /-favorable spaces and the class 
of skeletal maps fulfills closure, since every continuous inverse sequence 
is a (T-complete inverse system, too. An equivalent version of Theorem 
Hlfor continuous inverse sequence, (using Boolean algebras notions) one 
can find in Ipj p. 197]. 
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